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CLASSIFYING INVARIANT σ-IDEALS WITH ANALYTIC BASE
ON GOOD CANTOR MEASURE SPACES
TARAS BANAKH, ROBERT RA LOWSKI, SZYMON Z˙EBERSKI
Abstract. Let X be a zero-dimensional compact metrizable space endowed with a strictly positive continuous
Borel σ-additive measure µ which is good in the sense that for any clopen subsets U, V ⊂ X with µ(U) < µ(V )
there is a clopen set W ⊂ V with µ(W ) = µ(U). We study σ-ideals with Borel base on X which are invariant
under the action of the group Hµ(X) of measure-preserving homeomorphisms of (X, µ), and show that any
such σ-ideal I is equal to one of seven σ-ideals: {∅}, [X]≤ω, E,M∩N ,M, N , or [X]≤c. Here [X]≤κ is the ideal
consisting of subsets of cardiality ≤ κ in X, M is the ideal of meager subsets of X, N = {A ⊂ X : µ(A) = 0}
is the ideal of null subsets of (X, µ), and E is the σ-ideal generated by closed null subsets of (X, µ).
1. Introduction and Main Result
The investigation of (topologically) invariant σ-ideals with Borel or analytic base on some model topological
spaces was initiated by the authors in [3] and [4]. In this paper we shall study and classify invariant σ-ideals
with analytic base on (good) Cantor measure spaces.
A measure space is a pair (X,µ) consisting of a topological space X and a σ-additive measure µ : B(X)→
[0,∞) defined on the σ-algebra of Borel subsets of X . A measure space (X,µ) is called a Cantor measure
space if the topological space X is homeomorphic to the Cantor cube {0, 1}ω and the measure µ is continuous
in the sense that µ({x}) = 0 for any point x ∈ X . By Brouwer’s Theorem [8, 7.4], a topological space X is
homeomorphic to the Cantor cube {0, 1}ω if and only if X is a zero-dimensional compact metrizable space
without isolated points. In this case X is called a Cantor set.
For a measure space (X,µ) the set
µ(Clop(X)) = {µ(U) : U is clopen in X}
is called the clopen values set of (X,µ). By a clopen set in a topological space X we understand a subset which
is simultaneously closed and open in X . A topological space X is zero-dimensional if clopen sets form a base
of the topology of X .
Two measure spaces (X,µ) and (Y, λ) are defined to be isomorphic if there exists a measure-preserving
homeomorphism h : X → Y . The measure-preserving property of h means that λ(h(B)) = µ(B) for any Borel
subset B ⊂ X . It is clear that for any two isomorphic measure spaces (X,µ) and (Y, λ) we get µ(Clop(X)) =
λ(Clop(Y )). In [2] Akin proved that for good Cantor measure spaces the converse implication holds. A Cantor
measure space (X,µ) is called good if its measure µ is good in the sense of Akin [2], i.e., µ is continuous, strictly
positive (which means that µ(U) > 0 for any non-empty open set U ⊂ X), and satisfies the Subset Condition
which means that for any clopen sets U, V ⊂ X with µ(U) < µ(V ) there is a clopen set U ′ ⊂ V such that
µ(U ′) = µ(U). According to Akin’s Theorem 2.9 [2], two good Cantor measure spaces (X,µ) and (Y, λ) are
isomorphic if and only if µ(Clop(X)) = λ(Clop(Y )).
The class of good Cantor measure spaces includes all infinite compact metrizable zero-dimensional topological
groups G endowed with the Haar measure. Moreover, by Theorem 2.16 [2], a Cantor measure space (X,µ)
is isomorphic to a (monothetic) compact topological group G endowed with the Haar measure if and only if
(X,µ) is good and 1 ∈ µ(Clop(X)) ⊂ Q ∩ [0, 1].
The aim of this paper is to study and classify invariant σ-ideals with Borel (or analytic) base on (good)
Cantor measure spaces.
A family I of subsets of a set X is called an ideal on X if for any sets A,B ∈ I and C ⊂ X we get A∪B ∈ I
and A∩C ∈ I. An ideal I on X is a σ-ideal if
⋃
A ∈ I for any countable subfamily A ⊂ I. A subfamily B ⊂ I
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is called a base for the ideal I if each set A ∈ I is contained in some set B ∈ B. Each family B of subsets of
X generates a σ-ideal
〈B〉 = {A ⊂ X : A ⊂
⋃
C for some countable subfamily C ⊂ B}.
This is the smallest σ-ideal containing the family B.
Observe that for every infinite cardinal κ the family [X ]≤κ = {A ⊂ X : |A| ≤ κ} of subsets of cardinality
≤ κ is a σ-ideal on X . For κ = 0 the ideal [X ]≤0 = {∅} is a σ-ideal, too.
We shall say that an ideal I on a topological space X has Borel (analytic) base if I has a base B ⊂ I
consisting of Borel (analytic) subsets of X . Let us recall that a subset A ⊂ X is called analytic if A is a
continuous image of a Polish space. Since each Borel subset of a Polish space is analytic [8, 13.7], each ideal
with Borel base on a Polish space has an analytic base.
Observe that for any topological space X the ideals [X ]≤0, [X ]≤ω and [X ]≤|X| have Borel base.
An ideal I on a measure space (X,µ) will be called invariant if for any measure-preserving homeomorphism
h : X → X we get {h(A) : A ∈ I} = I. Measure-preserving homeomorphisms of (X,µ) form a group Hµ(X)
called the automorphism group of the measure space (X,µ). It is a subgroup of the homeomorphism group
H(X) of the topological space X .
On each measure space (X,µ) consider the following four invariant σ-ideals with Borel base:
• the σ-ideal M of meager subsets of X (it is generated by closed nowhere dense subsets of X);
• the σ-ideal N = {A ⊂ X : µ(A) = 0} of null subsets of (X,µ) (it is generated by Borel subsets of zero
µ-measure);
• the σ-ideal M∩N of meager null subsets of (X,µ);
• the σ-ideal E generated by closed null subsets of (X,µ).
The σ-ideals M, N , M∩N and E play an important role in Set Theory and its Applications, see [5]. For a
measure space (X,µ) endowed with a continuous strictly positive Borel measure µ these ideals relate as follows:
M
##●
●●
●●
●●
●●
[X ]≤0 // [X ]≤ω // E //M∩N
;;✇✇✇✇✇✇✇✇✇
##●
●●
●●
●●
●●
● [X ]
≤|X|
N
;;✇✇✇✇✇✇✇✇✇
(in the diagram an arrow I → J indicates that I ⊂ J ).
It turns out that on good Cantor measure spaces these seven σ-ideals exhaust all possible invariant σ-ideals
with analytic base.
Theorem 1.1. Each invariant σ-ideal with analytic base on a good Cantor measure space (X,µ) is equal to
one of the σ-ideals: [X ]≤0, [X ]≤ω, E, M∩N , M, N , or [X ]≤c.
This theorem will be proved in Section 4 after some preparatory work made in Sections 2 and 3. It should
be mentioned that Theorem 1.1 is specific for good Cantor measure spaces and cannot be generalized to any
Cantor measure space.
Example 1.2. There is a Cantor measure space (X,µ) having trivial automorphism group Hµ(X). On this
measure space each ideal is invariant. Consequently, the Cantor measure space (X,µ) supports 2c pairwise
distinct invariant σ-ideals with Borel base.
Proof. By [2] there exists a Cantor measure space (X,µ) with trivial automorphism group Hµ(X). Choose
a family C of cardinality continuum consisting of pairwise disjoint Cantor sets in X . Each subfamily A ⊂ C
generates an invariant σ-ideal 〈A〉 with Borel base (more precisely, a base consisting of Fσ-subsets of X). It is
clear that 〈A〉 6= 〈B〉 for any distinct subfamilies A 6= B in C. Since the family C contains 2c subfamilies, the
measure space (X,µ) supports 2c invariant σ-ideals 〈A〉, A ⊂ C, with Borel base. 
A measure space (X,µ) is called minimal if for each point x ∈ X its orbit {h(x) : h ∈ Hµ(X)} is dense in X .
If the orbit {h(x) : h ∈ Hµ(X)} of any point x ∈ X coincides with X , then the measure space (X,µ) is called
homogeneous. It is clear that each homogeneous measure space is minimal. In [2] Akin proved that each good
Cantor measure space is homogeneous. On the other hand, there are examples [6] of minimal Cantor measure
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spaces, which are not good. We do not know if each homogeneous Cantor measure space is good. Because of
that the following problem does not reduce to Theorem 1.1.
Problem 1.3. Classify invariant σ-ideals with Borel base on a homogeneous Cantor measure space (X,µ).
Is any non-trivial invariant σ-ideals with Borel base equal to one of seven standard ideals: [X ]≤0, [X ]≤ω, E,
M∩N , M, N or [X ]≤c?
2. Homogeneity properties of good Cantor measure spaces
In this section we shall establish some homogeneity properties of good Cantor measure spaces. First we fix
some notation.
Let (X, d) be a metric space. For a point x ∈ X and real number ε > 0 by Oε(x) = {y ∈ X : d(y, x) < ε} we
denote the open ε-ball centered at x. For a subset A ⊂ X let Oε(A) =
⋃
a∈AOε(a) be its ε-neighborhood and
diam(A) = sup({0} ∪ {d(x, y) : x, y ∈ A}) be its diameter. By clX(A) or just A¯ we shall denote the closure of
a subset A ⊂ X in X .
For a family A of subsets of a metric space we put meshA = supA∈A diam(A). A family A of sets is disjoint
if A ∩B = ∅ for any distinct sets A,B ∈ A. By a partition of a set X we understand any disjoint family A of
sets such that
⋃
A = X . A family A of subsets of a topological space X is called clopen if each set A ∈ A is
non-empty and clopen in X .
A topological space X is called zero-dimensional if clopen sets form a base of the topology of X . It is
well-known that for any cover U of a zero-dimensional separable metrizable space X there is a clopen partition
V of X inscribed into U in the sense that each set V ∈ V is contained in some set U ∈ U .
For a Borel measure µ : B(X)→ [0,∞) defined on the σ-algebra B(X) of Borel subsets of X and any Borel
subset Y ⊂ X by µ|Y we shall denote the restriction of µ to the σ-algebra B(Y ) ⊂ B(X) of Borel subsets of Y .
For a Borel measure µ on a topological space X the support supp(µ) of µ is the (closed) set of all points x ∈ X
such that each neighborhood Ox ⊂ X of x has measure µ(Ox) > 0. It is well-known that each σ-additive Borel
measure µ on a compact metrizable space X is regular in the sense that for any Borel subset B ⊂ X and any
ε > 0 there is a closed subset K ⊂ B of X such that µ(B \K) < ε.
For future references let us write down a fundamental result of Akin [2].
Lemma 2.1 (Akin). Two good Cantor measure spaces (X,µ) and (Y, λ) are isomorphic if and only if µ(Clop(X)) =
λ(Clop(Y )).
We shall need the following improvement of the Subset Condition in good Cantor measure spaces.
Lemma 2.2. Let (X,µ) be a good Cantor measure space, U ⊂ X be a clopen set and K ⊂ U be a compact
subset. For every α ∈ µ(Clop(X)) with µ(K) < α ≤ µ(U) there is a clopen subset V ⊂ U such that K ⊂ V
and µ(V ) = α.
Proof. If α = µ(U), then we can put V = U . So, assume that α < µ(U). By the regularity of the measure
µ and the zero-dimensionality of the space X , there is a clopen neighborhood OK ⊂ U of K such that
µ(OK) < α. Since α ∈ µ(Clop(X)), there is a clopen set A ⊂ X with µ(A) = α. By the Subset Condition,
the set A contains a clopen subset B ⊂ A of measure µ(B) = µ(OK). Then the clopen set A \B has measure
β = µ(A \ B) = α − µ(OK). Since µ(U \ OK) > α − µ(OK) = β, by the Subset Condition, the clopen set
U \ OK contains a clopen set W of measure µ(W ) = β. Then the clopen set V = OK ∪W ⊂ U contains K
and has measure µ(V ) = µ(OK) + µ(W ) = α. 
We shall need the following well-known homogeneity property of the Cantor cube (which is attributed to
Ryll-Nardzewski in [9]).
Lemma 2.3. Any homeomorphism f : A→ B between closed nowhere dense subsets A,B ⊂ X of the Cantor
cube X = {0, 1}ω extends to a homeomorphism f¯ : X → X of X.
Our next lemma can be considered as a measure-topological counterpart of Lemma 2.3. It implies the
transitivity of good Cantor measure spaces, proved by Akin in [2, 2.9].
Lemma 2.4. Any measure-preserving homeomorphism f : A → B between closed nowhere dense subsets
A,B ⊂ X of a good Cantor measure space (X,µ) extends to a measure-preserving homeomorphism f : X → X
of X.
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Proof. Fix any metric d on the space X generating the topology of X .
Let U0 = V0 = {X} and ξ0 : U0 → V0 be the unique bijective map. By induction, for every n ∈ N we
shall construct two finite clopen partitions Un and Vn of X , a bijective map ξn : Un → Vn, and two maps
pn : Un → Un−1 and pin : Vn → Vn−1 such that the following conditions are satisfied:
(1n) meshUn < 1/2n and meshVn < 1/2n;
(2n) for any sets U ∈ Un and V ∈ Vn we get U ⊂ pn(U) ∈ Un−1 and V ⊂ pin(V ) ∈ Vn−1;
(3n) pin ◦ ξn = ξn−1 ◦ pn;
(4n) µ(ξn(U)) = µ(U) for any set U ∈ Un;
(5n) f(U ∩ A) = ξn(U) ∩B for every set U ∈ Un.
Assume that for some n ∈ N and all k < n the partitions Uk, Vk and maps ξk : Uk → Vk, pk : Uk → Uk−1,
pik : Vk → Vk−1 satisfying the conditions (1k)–(5k) have been constructed.
Fix any subset U ∈ Un−1 and consider the clopen set V = ξn−1(U) ∈ Vn−1. By the inductive assumption
(5n−1), f(A ∩ U) = B ∩ V . By Lemma 2.3, the homeomorphism f |A ∩ U : A ∩ U → B ∩ V extends to a
homeomorphism f¯U : U → V . Choose a disjoint clopen partitionWU of the space U such that meshWU < 2−n
and meshf¯U (WU ) < 2−n where f¯U (WU ) = {f¯U (W ) :W ∈ WU}. LetW ′U = {W ∈ WU :W ∩A 6= ∅}. Applying
Lemma 2.2, for every set W ∈ W ′U , choose two clopen sets UW , VW ⊂ X such that W ∩ A ⊂ UW ⊂ W ,
f(W ∩ A) ⊂ VW ⊂ f(W ) and µ(UW ) = µ(VW ). It follows that the sets U◦ = U \
⋃
W∈W′
U
UW and V
◦ =
V \
⋃
W∈W′
U
VW have the same measure µ(U
◦) = µ(V ◦) > 0. By Lemma 2.1, the good Cantor measure spaces
(U◦, µ|U◦) and (V ◦, µ|V ◦) are isomorphic. Consequently, there exists a measure-preserving homeomorphism
hU : U
◦ → V ◦. Choose any clopen partition CU of the Cantor set U◦ such that mesh(CU ) < 2−n and
mesh(hU (CU )) < 2
−n. Let Un(U) = CU ∪ {UW : W ∈ W
′(U)}, Vn(U) = hU (CU ) ∪ {VW : W ∈ W
′(U)} and
define the bijective map ξU,n : Un(U)→ Vn(U) by the formula
ξU,n(U
′) =
{
VW if U
′ = UW for some W ∈ W ′(U),
hU (U
′) if U ′ ∈ CU .
Now consider the clopen partitions Un =
⋃
U∈Un−1
Un(U) and Vn =
⋃
U∈Un−1
Vn(U) of X and let ξn : Un →
Vn be the bijective function such that ξn|Un(U) = ξU,n for any U ∈ Un−1.
Let pn : Un → Un−1 be the map assigning to each set U ′ ∈ Un the unique set U ∈ Un−1 such that
U ′ ∈ Un(U) and hence U
′ ⊂ U . Also consider the map pin : Vn → Vn−1 assigning to each set V
′ ∈ Vn the
unique set V ∈ Vn−1 that contains V ′. It is easy to see that the partitions Un, Vn, and functions ξn, pn, and
pin satisfy the conditions (1n)–(5n).
After completing the inductive construction, define a measure-preserving homeomorphism f¯ : X → X
assigning to each point x ∈ X the unique point of the intersection
⋂
n∈ω{ξn(U) : x ∈ U ∈ Un}. The conditions
(5n), n ∈ N, guarantee that f¯ |A = f . 
Lemma 2.5. Let (X,µ), (Y, λ) be Cantor measure spaces such that µ(X) < λ(Y ) and the measure λ is strictly
positive. Let GX ⊂ X and GY ⊂ Y be two Gδ-sets of measure µ(GX) = λ(GY ) = 0 such that GY is dense in
Y . Then there is a measure-preserving embedding f : X → Y such that f(GX) ⊂ GY .
Proof. Let dX , dY be metrics of diameter < 1 generating the topologies of the spaces X,Y , respectively. Write
the complements X \ GX and Y \ GY as countable unions X \ GX =
⋃
n∈ω An and Y \ GY =
⋃
n∈ω Bn of
increasing sequences (An)n∈ω and (Bn)n∈ω of compact sets.
Let U0 = X and choose any clopen subset V0 ⊂ Y such that 0 < λ(V0) < 1 if µ(U0) = 0 and µ(U0) <
λ(V0) < 2 · µ(U0) if µ(U0) > 0. Let U0 = {U0}, V0 = {V0} and ξ0 : U0 → V0 be the unique bijective map.
Since V0 \ GA =
⋃
m∈ω V0 ∩ Bm and λ(V0 \ GA) = λ(V0) > µ(U0), there is a number m0 ∈ ω such that
µ(V0 ∩ Bm0) > µ(U0). Since the set Bm0 is nowhere dense in Y and the measure λ on Y is strictly positive,
λ(V0 \ Bm0) > 0 = µ(U0 ∩ GX) = µ
(⋂
k∈ω U0 \ Ak
)
and hence we can find a number k0 ∈ ω such that
µ(U0 \An0) < λ(V0 \Bm0).
By induction for every n ∈ N we shall construct two numbers kn,mn ∈ N, a clopen partition Un of X , a
finite disjoint family Vn of clopen subsets of the space Y , a bijective function ξn : Un → Vn, and two functions
pn : Un → Un−1 and pin : Vn → Vn−1 such that the following conditions are satisfied:
(1n) meshUn < 1/2n and meshVn < 1/2n;
(2n) for any sets U ∈ Un and V ∈ Vn we get U ⊂ pn(U) ∈ Un−1 and V ⊂ pin(V ) ∈ Vn−1;
(3n) pin ◦ ξn = ξn−1 ◦ pn;
(4n) µ(U) < λ(ξn(U)) < (1 + 2
−n) · µ(U) for any set U ∈ Un with µ(U) > 0;
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(5n) 0 < λ(ξn(U)) < 1/(2
n · |Un|) for any set U ∈ Un with µ(U) = 0;
(6n) for every U ∈ Un with U ∩ Akn−1 = ∅, we get ξn(U) ∩Bmn−1 = ∅;
(7n) µ(U) < λ(ξn(U) ∩Bmn) for every U ∈ Un;
(8n) µ(U \Akn) < λ(ξn(U) \Bmn) for every U ∈ Un;
(9n) kn > kn−1 and mn > mn−1.
Assume that for some n ∈ N and every k < n we have constructed families Uk, Vk, and maps ξk : Uk → Vk,
pk : Uk → Uk−1, pik : Vk → Vk−1 satisfying the conditions (1k)–(9k).
For every set U ∈ Un−1 and its image V = ξn−1(U) ∈ Vn−1 we shall construct a clopen partition Un(U) of
U , a disjoint family V ′n(V ) of clopen subsets of V and a bijective map ξ
′
U,n : Un(U) → V
′
n(V ) such that the
following conditions are satisfied:
(1U,n) meshUn(U) < 1/2
n and meshV ′n(V ) < 1/2
n;
(4U,n) µ(U
′) < λ(ξ′U,n(U
′)) < (1 + 2−n) · µ(U ′) for every set U ′ ∈ Un(U) with µ(U ′) > 0;
(6U,n) for every U
′ ∈ Un(U) with U ′ ∩ Akn−1 = ∅ we get ξ
′
U,n(U
′) ∩Bmn−1 = ∅.
Fix any set U ∈ Un−1 and consider its image V = ξn−1(U) ∈ Vn−1.
Choose any clopen partition U ′n(U) of U such that meshU
′
n(U) < 2
−n. Consider the subfamily U ′′n (U) =
{U ′ ∈ U ′n(U) : U
′ ∩ Akn−1 = ∅} and observe that µ
(⋃
U ′′n(U)
)
≤ µ(U \ Akn−1) < λ(V \ Bmn−1) according to
the condition (8n−1).
Choose a positive real number εU such that
• εU < min
(
{2−n} ∪ {µ(U ′)/2n : U ′ ∈ U ′n(U), µ(U
′) > 0}
)
;
• µ(U \Akn−1) < λ(V \OεU (Bmn−1)),
• εU <
(
λ(V \OεU (Bmn−1))− µ(U \Akn−1)
)
/|U ′n(U)|, and
• εU < (λ(V )− µ(U))/|U ′(U)|.
Next, choose any clopen partition V ′n(V ) of V such that each set V
′ ∈ V ′n(V ) has diameter diam(V
′) < εU
and measure λ(V ′) < εU . Let V ′′n(V ) = {V
′ ∈ V ′n(V ) : V
′ ∩Bmn−1 = ∅} and observe that
V \OεU (Bmn−1) ⊂
⋃
V ′′n(V ) ⊂ V \Bmn−1 .
To every set U ′ ∈ U ′n(U) assign a subfamily V
′
n(U
′) ⊂ V ′n(V ) such that
µ(U ′) < λ
(⋃
V ′n(U
′)
)
< µ(U ′) + εU ,
the families V ′n(U
′), U ′ ∈ U ′n(U), are pairwise disjoint, and V
′
n(U
′) ⊂ V ′′n(V ) if U
′ ∈ U ′′n(U). Such a choice is
possible since ∑
U ′∈U ′′n (U)
(µ(U ′) + εU ) = µ(
⋃
U ′′n(U)) + |U
′′(n)| · εU ≤ µ(U \Akn−1) + |U
′
n(U)| · εU <
< λ
(
V \OεU (Bmn−1)
)
≤ λ
(⋃
V ′′n(V )
)
and ∑
U ′∈U ′n(U)
(µ(U ′) + εU ) = µ(U) + |U
′(n)| · εU < λ(V ).
For every set U ′ ∈ U ′n(U) with µ(U
′) > 0 we get
µ(U ′) < λ
(⋃
V ′′n(U
′)
)
< µ(U ′) + εU ≤ µ(U ′) + 2−nµ(U ′).
Using the continuity of the measure µ, we can choose a clopen partition {UV ′}V ′∈V′n(U ′) of U
′ such that
µ(UV ′) < λ(V
′) < (1 + 2−n)µ(UV ′) for every set V
′ ∈ Vn(U ′).
If µ(U ′) = 0, then let {UV ′}V ′∈V′
n
(U ′) be any partition of U
′.
Consider the clopen partition
Un(U) =
⋃
U ′∈U ′
n
(U)
{UV ′ : V
′ ∈ V ′n(U
′)}
of U , the family V ′n(U) =
⋃
U ′∈U ′n(U)
V ′n(U
′) and the bijective map ξ′U,n : Un(U)→ V
′
n(U) assigning to each set
U ′′ ∈ Un(U) the unique set V ′ ∈ V ′n(V ) such that U
′′ = UV ′ where V
′ ∈ V ′n(U
′) and U ′ ∈ U ′n(U) is the set
containing U ′′.
It is easy to see that the families Un(U) and V ′n(V ) satisfy the conditions (1U,n), (4U,n) and (6U,n).
Let Un =
⋃
U∈Un−1
Un(U), V ′n =
⋃
U∈Un−1
V ′n(U) and ξ
′
n : Un → V
′
n be the bijective map such that
ξ′n|Un(U) = ξ
′
U,n for every U ∈ Un−1.
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Consider the subfamily U0n = {U ∈ Un : µ(U) = 0} ⊂ Un and for every set U ∈ U
0
n choose a clopen set
ξn(U) ⊂ ξ′n(U) \Bmn−1 of measure λ(ξn(U)) < 1/(2
n · |Un|).
Let ξn(U) = ξ
′
n(U) for every U ∈ Un \ U
0
n and put Vn = {ξn(U) : U ∈ Un}.
Let pn : Un → Un−1 be the function assigning to each set U ′ ∈ Un the unique set U ∈ Un−1 such that
U ′ ⊂ Un(U) and hence U
′ ⊂ U . By analogy define the map pin : Vn → Vn−1 assigning to each set V
′ ∈ Vn the
unique set V ∈ Vn−1 such that V ′ ⊂ V . It is easy to check that the families Un, Vn, and the functions ξn, pn
and pin satisfy the conditions (1n)–(6n).
Using the equality λ(
⋃
m∈ω Bm) = λ(Y ) and the conditions (4n) and (5n), we can find a numbermn > mn−1
such that the condition (7n) holds.
Using the equality µ(
⋃
k∈ω Ak) = µ(X) and taking into account that λ(V \ Bmn) > 0 for every clopen
set V ∈ Vn, we can find a number kn > kn−1 satisfying the condition (8n). This completes the inductive
construction.
Now define the map f : X → Y assigning to each point x ∈ X the unique point of the intersection⋂
{ξn(U) : x ∈ U ∈ Un, n ∈ ω}. The conditions (1n)–(3n), n ∈ N, imply that the map f is a well-defined
topological embedding, the conditions (4n) and (5n) for n ∈ N imply that f is measure-preserving, and the
conditions (6n), n ∈ N, imply that f(GX) ⊂ GY . 
Lemma 2.6. Let (X,µ) be a good Cantor measure space, A be a closed nowhere dense subset and B ⊂ X be a
Borel subset of measure µ(B) > µ(A) in X. Then there is a measure-preserving homeomorphism h : X → X
such that h(A) ⊂ B.
Proof. Using the fact that each open subset of X contains a Cantor set of zero measure, we can construct a
closed subset A˜ ⊂ X without isolated points which contains the set A and has measure µ(A˜) = µ(A). Then
(A˜, µ|A˜) is a Cantor measure space. Fix any countable dense subset Q ⊂ X . Since µ(B \Q) = µ(B) > µ(A),
by the regularity of the measure µ there is a compact subset K ⊂ B \Q such that µ(K) > µ(A). Replacing K
by the support of the measure µ|K we can assume that the measure µ|K is strictly positive. In this case K
has no isolated points and hence (K,µ|K) is a Cantor measure space. Let GA = ∅ and GK be a dense Gδ-set
of measure µ(GK) = 0 in K. By Lemma 2.5, there is a measure-preserving embedding f : A˜ → K such that
h(GA) ⊂ GK . By Lemma 2.4, the embedding f extends to a measure-preserving homeomorphism h : X → X .
It follows that h(A) ⊂ h(A˜) = f(A˜) ⊂ K ⊂ B. 
Lemma 2.6 implies the following ergodicity property of good Cantor measure spaces.
Lemma 2.7. If A ⊂ X is a closed subset of positive measure in a good Cantor measure space (X,µ), then
for any ε > 0 there are homeomorphisms h1, . . . , hn ∈ Hµ(X) such that the set B =
⋃n
i=1 hi(A) has measure
µ(B) > µ(X)− ε.
Proof. Using the continuity of the measure µ, choose a finite disjoint family F consisting of closed nowhere
dense subsets of X such that µ(
⋃
F) > µ(X)− ε and µ(F ) < µ(A) for every F ∈ F . For every F ∈ F apply
Lemma 2.6 to find a homeomorphism hF ∈ Hµ(X) such that hF (F ) ⊂ A. Then the set B =
⋃
F∈F h
−1
U (A)
contains the set
⋃
F and hence has measure µ(B) ≥ µ(
⋃
F) > µ(X)− ε. 
It is well-known that for any compact metric space (X, d) the homeomorphism group H(X) endowed with
the compact-open topology is a Polish topological group. Moreover, the compact-open topology on H(X) is
generated by the complete metric
dH(f, g) = max
x∈X
d(f(x), g(x)) + max
x∈X
d(f−1(x), g−1(x)) where f, g ∈ H(X).
For any Borel σ-additive measure µ on X the subgroup Hµ(X) of measure-preserving homeomorphisms is a
closed subgroup in H(X).
Lemma 2.8. Let (X,µ) be a good Cantor measure space, and d be a metric generating the topology of X.
Let B ⊂ X be a Borel subset of measure µ(B) = µ(X). Let A ⊂ C be two closed nowhere dense subsets in
X such that A ⊂ B. For any ε > 0 there exists a measure-preserving homeomorphism h : X → X such that
h|A = id|A, h(C) ⊂ B, and dH(h, id) ≤ ε.
Proof. Using the zero-dimensionality of X \A choose a disjoint cover U of X \A by clopen subsets of X such
that each set U ∈ U has diam(U) ≤ min{ε, 13 minx∈U d(x,A)}. The strict positivity of the measure µ implies
that for every U ∈ U the set U ∩ C has measure µ(U ∩ C) < µ(U) = µ(U ∩ B). By Lemma 2.6, there is a
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measure-preserving homeomorphism hU : U → U such that hU (U ∩ C) ⊂ U ∩ B. Then the map h : X → X
defined by the formula
h(x) =
{
x if x ∈ A
hU (x) if x ∈ U for some U ∈ U
is a measure preserving homeomorphism of X such that h|A = id|A, h(C) ⊂ B and supx∈X d(h(x), x)) ≤ ε. 
Lemma 2.8 implies the following its self-generalization.
Lemma 2.9. Let (X,µ) be a good Cantor measure space and d be a metric generating the topology of X. Let
B ⊂ X be a Borel subset of measure µ(B) = µ(X). For any ε > 0, homeomorphism f ∈ Hµ(X) and closed
nowhere dense subsets A ⊂ C in X with f(A) ⊂ B, there exists a homeomorphism g ∈ Hµ(X) such that
g|A = f |A, g(C) ⊂ B and dH(f, g) < ε.
Proof. Given an ε > 0 and a homeomorphism f ∈ Hµ(X), find a positive real number δ < ε such that for any
points x, y ∈ X with d(x, y) < δ we get d(f−1(x), f−1(y)) < ε. Such number δ exists by the uniform continuity
of the homeomorphism f−1. Given any closed nowhere dense subsets A ⊂ C in X with f(A) ⊂ B, apply
Lemma 2.8 to the sets C′ = f(C) and A′ = f(A) ⊂ C′ ∩B and find a homeomorphism h ∈ Hµ(X) such that
h|A′ = id|A′, h(C′) ⊂ B and dH(h, id) < δ. Then the homeomorphism g = h ◦ f has the required properties:
g|A = f |A, g(C) ⊂ B and dH(f, g) < ε. 
The following lemma will be derived from Lemma 2.9 by the standard back-and-forth technique.
Lemma 2.10. For any meager Fσ-sets A,B ⊂ X of measure µ(A) = µ(B) = µ(X) in a good Cantor measure
space (X,µ) there is a measure-preserving homeomorphism h ∈ Hµ(X) such that h(A) = B.
Proof. Fix any metric d generating the topology of the compact metrizable space X .
Write the meager Fσ-sets A and B as unions A =
⋃
n∈ω An and B =
⋃
n∈ω Bn of increasing sequences
(An)n∈ω and (Bn)n∈ω of compact subsets of X with A0 = B0 = ∅. Put f0 : X → X be the identity
homeomorphism of X , and A˜0 = B˜0 = ∅. Fix any ε > 0. By induction, for every n ∈ N we shall construct two
compact sets A˜n, B˜n ⊂ X and measure-preserving homeomorphisms fn, gn : X → X satisfying the following
conditions:
(1n) A˜n = An ∪ gn−1(B˜n−1) ⊂ A;
(2n) fn|gn−1(B˜n−1) = g
−1
n−1|gn−1(B˜n−1) and fn(A˜n) ⊂ B;
(3n) d˜(fn, g
−1
n−1) < ε/2
n+1;
(4n) B˜n = Bn ∪ fn(A˜n) ⊂ B;
(5n) gn|fn(A˜n) = f−1n |fn(A˜n) and gn(B˜n) ⊂ A;
(6n) d˜(gn, f
−1
n ) < ε/2
n+2.
Assume that for some n ∈ N and all k < n we have constructed sets A˜k, B˜k, and measure-preserving
homeomorphisms fk, gk : X → X satisfying the conditions (1k)–(6k). We shall construct sets A˜n, B˜n, and
homeomorphisms fn, gn : X → X . By the inductive assumption (5n−1), gn−1(B˜n−1) ⊂ A. Since µ(B) =
µ(X), we can apply Lemma 2.9 and find a measure-preserving homeomorphism fn : X → X such that
fn|gn−1(B˜n−1) = g
−1
n−1|gn−1(B˜n−1), fn(An) ⊂ B and d˜(fn, fn−1) < ε/2
n+1.
Put B˜n = Bn ∪ fn(An ∪ A˜n−1). Applying Lemma 2.9, we can find a measure-preserving homeomorphism
gn : X → X such that gn|fn(An ∪ A˜n−1) = f−1n |fn(An∪ A˜n−1), gn(B˜n) ⊂ A, and d˜(gn, f
−1
n ) < ε/2
n+2. Finally
put A˜n = An ∪ A˜n−1 ∪ gn(B˜n) and observe that the sets A˜n, B˜n, and the homeomorphisms fn and gn satisfy
the conditions (1n)–(6n).
After completing the inductive construction, we obtain sequences of sets A˜n, B˜n, and homeomorphisms
fn, gn ∈ Hµ(X) satisfying the conditions (1n)–(6n) for all n ∈ N.
The conditions (1n), (2n), (4n), and (5n) for n ∈ N imply that
fn|A˜n−1 = g
−1
n−1|A˜n−1 = fn−1|A˜n−1 and gn|B˜n−1 = f
−1
n |B˜n−1 = gn−1|B˜n−1.
The conditions (3n), (6n), n ∈ N, imply that
dH(fn, fn−1) ≤ dH(fn, g
−1
n−1) + dH(g
−1
n−1, fn−1) = dH(fn, g
−1
n−1) + dH(gn−1, f
−1
n−1) <
ε
2n+1
+
ε
2n+1
=
ε
2n
.
and
dH(gn, gn−1) ≤ dH(gn, f
−1
n ) + dH(f
−1
n , gn−1) = dH(gn, f
−1
n ) + dH(fn, g
−1
n−1) <
ε
2n+2
+
ε
2n+1
<
ε
2n
.
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It follows that the sequence of measure-preserving homeomorphisms (fn)n∈ω in the complete metric group
(H(X), dH) is Cauchy and hence tends to a measure-preserving homeomorphism f = limn→∞ fn such that
dH(f, id) ≤
∑
n=1 dH(fn, fn−1) < ε. By the same reason, the sequence (gn)n∈ω tends to a measure-preserving
homeomorphism g = limn→∞ gn such that dH(g, id) < ε. It follows that f ◦ g|B˜n = f ◦ gn|B˜n = fn+1 ◦ gn|B˜n =
id|B˜n for every n ∈ N. The density of the union B =
⋃
n∈N B˜n in X implies that f ◦ g is the identity
homeomorphism of X and hence g = f−1. It follows that f(A˜n) = fn(A˜n) ⊂ B and g(B˜n) = gn(B˜n) ⊂ A for
every n ∈ ω, which implies that f(A) ⊂ B and f−1(B) = g(B) ⊂ A and hence f(A) = B. 
In the proof of the following lemma we shall use induction by the tree ω<ω =
⋃
n∈ω ω
n consisting of finite
sequences of non-negative integer numbers. So, we recall some standard facts on the structure of the tree ω<ω.
For a finite sequence s = (s0, . . . , sn−1) ∈ ωn ⊂ ω<ω and a number i ∈ ω by sˆ i = (s0, . . . , sn−1, i) we denote the
concatenation of s and i. For a finite sequence s = (n0, . . . , nk−1) ∈ ωk ⊂ ω<ω by |s| we shall denote its length
k. For an infinite sequence s ∈ ωω we put |s| = ω. For any (finite or infinite) sequence s = (si)i<|s| ∈ ω
<ω ∪ωω
and a number n ≤ |s| by s|n = (s0, . . . , sn−1) we denote the initial segment of s. The set ω<ω is endowed with
the partial order ≤ in which s ≤ t iff s coincides with the initial segment t
∣∣n of t for n = |s|. The partially
ordered set (ω<ω,≤) is a tree is the sense that it has the smallest element ∅ (the empty sequence) and for any
s ∈ ω<ω the lower set ↓s = {t ∈ ω<ω : t ≤ s} = {s|n : n ≤ |s|} is well-ordered.
We recall that for a measure space (X,µ) by E we denote the σ-ideal generated by closed null subsets of X .
Lemma 2.11. If an analytic subset A ⊂ X of a Cantor measure space (X,µ) is not contained in the σ-ideal
E, then A contains a Gδ-subset G of X such that µ(G) = 0 and the measure µ|G¯ is strictly positive.
Proof. If µ(A) > 0, then by the regularity of the measure µ, there is a compact subset K ⊂ A of positive
measure µ(K). Replacing K by the support of the measure µ|K, we can assume that the measure µ|K is
strictly positive. Choose any dense Gδ-set G ⊂ K of measure µ(G) = 0 and observe that it has the required
property: µ|G¯ is strictly positive.
Now assume that µ(A) = 0. The space A, being analytic, is the image of a Polish space P under a surjective
continuous map f : P → A. Let E ⊂ P be the set of points x ∈ P having a neighborhood Ux ⊂ P such that
f(Ux) ∈ E . It follows that E is an open subset of P such that f(E) ∈ E and P \E is a closed subset of P such
that for each non-empty open set U ⊂ P \ E the set f(U) does not belong to the σ-ideal E . Replacing P by
P \E and A by f(P \E), we can assume that E = ∅, which means that for any non-empty open set U ⊂ P the
set f(U) does not belong to the σ-ideal E . Fix any complete metric dP generating the topology of the Polish
space P and any metric dX generating the topology of the Cantor space X .
By induction we shall construct a family (Us)s∈ω<ω of open subsets of P satisfying the following conditions
for every s ∈ ω<ω:
(1s) clP (Usˆ i) ⊂ Us for every i ∈ ω;
(2s) clX(f(Usˆ i)) ∩ clX(f(Usˆ j)) = ∅ for any distinct numbers i, j ∈ ω;
(3s) max{diam(Usˆ i), diam(f(Usˆ i))} < 1/2|s|+i for every i ∈ ω;
(4s) for the set Ws =
⋃
i∈ω f(Usˆ i) its closure W s in X has measure µ(W s) > 0.
To start the inductive construction, put U∅ = P . Assume that for some s ∈ ω
<ω the open set Us ⊂ P has
been constructed. By our assumption, the set f(Us) has positive measure µ(f(Us)). Since µ(A) = 0, there is
a compact subset Ks ⊂ f(Us) \A of positive measure. Choose a sequence of pairwise distinct points (ys,i)i∈ω
in f(Us) such that the space {ys,i}n∈ω is discrete and contains the compact set Ks in its closure. For every
point ys,i fix a neighborhood O(ys,i) ⊂ X such that diam(O(ys,i)) < 1/2
|s|+i and the family {clX(O(ys,i))}i∈ω
is disjoint. For every i ∈ ω choose a point xs,i ∈ Us with f(xs,i) = ys,i and choose a neighborhood Usˆ i ⊂ P
of xs,i such that f(Usˆ i) ⊂ O(ys,i) and diam(Usˆ i) < 1/2|s|+i. It is clear that the family (Usˆ i)i∈ω satisfies the
inductive conditions (1s)–(4s).
After completing the inductive construction, consider the map g : ωω → P assigning to each sequence
s ∈ ωω the unique point of the intersection
⋂
n∈ω Us|n. The conditions (3s), s ∈ ω
<ω, imply that the map g
is continuous and the conditions (2s), s ∈ ω<ω, imply that f ◦ g : ωω → A is a topological embedding. Then
G = f ◦ g(ωω) ⊂ f(P ) ⊂ A is a Gδ-subset of X , which is homeomorphic to the Baire space ωω. It remains to
prove that any non-empty open set U ⊂ G¯ has positive measure µ(U). By the regularity of the compact space
G¯, there is a non-empty open setW ⊂ G such that clX(W ) ⊂ U . Since f ◦g : ωω → G is a homeomorphism, we
can find a sequence s ∈ ω<ω such that for the open set Ws = {t ∈ ωω : s ≤ t} we get f ◦ g(Ws) ⊂W . For every
i ∈ ω fix a point zi ∈ Wsˆ i ⊂ Ws and observe that f ◦ g(zi) ⊂ f(Usˆ i) ⊂ O(ys,i). Since diamO(ys,i) < 1/2
|s|+i,
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the sets {f ◦ g(zi) : i ∈ ω} and {ys,i : i ∈ ω} has the same set of accumulation points in X . Consequently,
Ks ⊂ clX({f ◦ g(zi) : i ∈ ω}) ⊂ clX(f(Ws)) ⊂ clX(W ) ⊂ U and the set U has measure µ(U) ≥ µ(Ks) > 0.
This means that the measure µ|G¯ is strictly positive. 
3. Some properties of invariant σ-ideals on good Cantor measure spaces
In this section we shall prove some extremal properties of the standard invariant σ-ideals M, N , M∩N ,
E on good Cantor measure spaces.
Lemma 3.1. Let I be an invariant ideal with analytic base on a good Cantor measure space (X,µ). If
I 6⊂ [X ]≤ω, then I contains any closed null subset E of X.
Proof. It follows from [X ]≤ω 6⊂ I that the ideal I contains an uncountable set A ⊂ X . Since I has an analytic
base, we can assume that the set A is analytic. By [8, 29.1], the uncountable analytic space A contains a
Cantor set C ⊂ A ∈ I. Replacing C by a smaller Cantor set, we can assume that µ(C) = 0.
Since C contains a topological copy of each zero-dimensional compact metrizable space [8, 7.8], for any closed
null set E ⊂ X , there is a topological embedding f : E → C. Since E and C have measure zero, the embedding f
is measure-preserving. By Lemma 2.4, the map f extends to a measure-preserving homeomorphism f¯ : X → X .
The inclusion f(E) ⊂ C ⊂ A ∈ I and the invariance of the ideal I imply that E ∈ I. 
Lemma 3.2. Let I be an invariant ideal with analytic base on a good Cantor measure space (X,µ). If I 6⊂ E,
then I contains any nowhere dense null subset N of X.
Proof. Given any nowhere dense null subset N ⊂ X , consider the closure N¯ of N in X and observe that N¯ is
nowhere dense in X and hence has measure µ(N¯) < µ(X) by the strict positivity of the measure µ. Replacing
N by a larger nowhere dense null set, we can assume that N¯ has no isolated points and hence is a Cantor set
in X . The set N has measure µ(N) = 0 and hence is contained in a Gδ-set N˜ ⊂ N¯ of measure µ(N˜) = 0.
Since the ideal I 6⊂ E has analytic base, there exists an analytic set A ∈ I \ E . By Lemma 2.11, the set
A contains a Gδ-subset G
′ ⊂ X such that the measure µ|G¯′ is strictly positive. By Lemma 2.7, there are
homeomorphisms h1, . . . , hn ∈ Hµ(X) such that the set G¯ =
⋃n
i=1 hi(G¯
′) has measure µ(G¯) > µ(N¯). It follows
that the set G¯ coincides with the closure of the Gδ-set G =
⋃n
i=1 hi(G
′), which belongs to the ideal I by the
invariance of I. The strict positivity of the measure µ|G¯′ implies the strict positivity of the measure µ|G¯.
By Lemmas 2.5 and 2.4, there is a homeomorphism h ∈ Hµ(X) such that h(N¯) ⊂ G¯ and h(N˜) ⊂ G. Then
N ⊂ N˜ ⊂ h−1(G) ∈ I by the invariance of the ideal I. 
We shall say that an ideal I on a measurable space (X,µ) has measurable base if I has a base consisting of
µ-measurable subsets. It follows from the measurability of analytic sets [8, 21.10] that each ideal with analytic
base on a metrizable measurable space (X,µ) has measurable base.
Lemma 3.3. Let I be an invariant ideal with analytic (more generally, measurable) base on a good Cantor
measure space (X,µ). If I 6⊂ N , then I contains each nowhere dense subset N of X.
Proof. By our assumption, the ideal I /∈ N contains a measurable subset A ⊂ X of positive measure µ(A). By
the regularity of the measure µ, the set A contains a compact subset K ⊂ A of positive measure µ(K).
Fix any nowhere dense subset N ⊂ X and observe that its closure N¯ has measure µ(N¯) < µ(X). By
Lemma 2.7, there are homeomorphisms h1, . . . , hn ∈ Hµ(X) such that the compact set B =
⋃n
i=1 hi(K) has
measure µ(B) > µ(N¯ ). The invariance of the ideal I ∋ K guarantees that B ∈ I. By Lemma 2.6, there is
a homomorphism h ∈ Hµ(X) such that h(N¯) ⊂ B. Then the nowhere dense subset N ⊂ N¯ ⊂ h−1(B) ∈ I
belongs to the ideal I by the invariance of I. 
We shall say that an ideal I on a topological space X has BP-base if I has a base consisting of sets with
Baire Property in X . We recall that a subset A of a topological space X has the Baire property if for some
open set U ⊂ X the symmetric difference A△U = (A \ U) ∪ (U \ A) is meager in X . By Ulam-Sierpin´ski
Theorem [8, 21.6], any analytic subset of a metrizable space X has the Baire property in X . Consequently,
any ideal with analytic base on a metrizable space has BP-base.
Lemma 3.4. Let I be an invariant ideal with BP-base on a good Cantor measure space (X,µ). If I 6⊂ M,
then N ⊂ I.
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Proof. Fix any set A ∈ I \M. Since I has BP-base, we can replace A by a larger set with Baire Property
in I and assume that A has the Baire property. Then for some non-empty open set U ⊂ X the symmetric
difference A△U is meager in X and hence is contained in a meager Fσ-subset F ⊂ X . Then U \ F ⊂ A is
a Gδ-subset of X , dense in the open set U . The transitivity of the action of the group Hµ(X) on X implies
that {h(U) : h ∈ Hµ(X)} is an open cover of X . By the compactness of X , this cover has a finite subcover
{h1(U), . . . , hn(U)}. Then G =
⋃n
i=1 hi(U \ F ) is a dense Gδ-set in X , which belongs to the ideal I by the
invariance of I. Using the continuity and regularity of the measure µ, we can choose a dense Gδ-set G˜ ⊂ G of
measure µ(G˜) = 0.
Now fix any null subset N ∈ N in X . By the continuity and regularity of the measure µ the null set N can
be enlarged to a null dense Gδ-set N˜ ⊂ X . It follows that X \ G˜ and X \ N˜ are two meager Fσ-sets in X of
measure µ(X \ G˜) = µ(X) = µ(X \ N˜). By Lemma 2.10, there is a homeomorphism h ∈ Hµ(X) such that
h(X \ G˜) = X \ N˜ . Then N ⊂ N˜ = h(G˜) ⊂ h(G) ∈ I by the invariance of the ideal I. 
Lemma 3.5. Let I be an invariant σ-ideal with measurable BP-base on a good Cantor measure space (X,µ).
If I 6⊂ M and I 6⊂ N , then I = [X ]≤c.
Proof. By Lemmas 3.4 and 3.3, I 6⊂ M and I 6⊂ N imply M∪N ⊂ I. The continuity and regularity of the
measure µ implies that the space X can be written as the union X =M ∪N of a meager set M and a null set
N . Then X ∈ I being the union of two sets from the ideal I. 
4. Proof of Theorem 1.1
Let I be a σ-ideal with analytic base of a good Cantor measure space (X,µ).
If I contains only the empty set, then I = [X ]≤0.
So, we assume that I contains some non-empty subset. In this case I contains some singleton {x} ⊂ X and
by the invariance of I and transitivity of the action of the group Hµ(X), the ideal I contains any singleton of
X . Now the σ-additivity of I implies [X ]≤ω ⊂ I. If I ⊂ [X ]≤ω, then I = [X ]≤ω and we are done.
So, we assume that I 6⊂ [X ]≤ω. In this case E ⊂ I by Lemma 3.1. If I ⊂ E , then I = E .
So, we assume that I 6⊂ E . In this case Lemma 3.2 implies thatM∩N ⊂ I. If I ⊂M∩N , then I =M∩N .
So, we assume that I 6⊂ M∩N , which means that I 6⊂ M or I 6⊂ N .
First we assume that I 6⊂ M. In this case Lemma 3.4 implies that N ⊂ I. If I ⊂ N , then I = N and we
are done. If I 6⊂ N , then I = [X ]≤c by Lemma 3.5.
Finally, assume that I 6⊂ N . In this case Lemma 3.3 implies that M ⊂ I. If I ⊂ M, then I = M. If
I 6⊂ M, then I = [X ]≤c according to Lemma 3.5.
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